
Anyon winding numbers from the Chern-Simons interaction

This article has been downloaded from IOPscience. Please scroll down to see the full text article.

1992 J. Phys. A: Math. Gen. 25 L449

(http://iopscience.iop.org/0305-4470/25/8/012)

Download details:

IP Address: 171.66.16.62

The article was downloaded on 01/06/2010 at 18:19

Please note that terms and conditions apply.

View the table of contents for this issue, or go to the journal homepage for more

Home Search Collections Journals About Contact us My IOPscience

http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/25/8
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience


J. Phys. A: Math. Gen. 25 (1992) L449-IA51. Rimed in the UK 

L E m R  TO THE EDITOR 

Anyon winding numbers from the ChernSimons interaction 

T Haugset and F Ravndal 
Institute of Physics, University of Oslo, N-0316 Oslo 3, Norway 

Received 23 October 1991 

Abstract. Integrating out the gauge field in the Chem-Simans interaction of anyons, we 
recover in the non-relativistic limit the winding number in the action for panicles with 
fractional statistics 

Leinaas and Myrheim [I] in their seminal paper pointed out that quantum particles 
in 2 + 1 dimensions can obey fractional statistics which is intermediate between ordinary 
Bose-Einstein and Fermi-Dirac statistics. The wavefunctions will in general be multi- 
valued, depending on the winding of each particle around the others in the plane of 
motion. 

For a non-relativistic system of N such particles the dynamics is given by the 
Lagrangian 

where the first term describes the classical system. In the last term, the time derivative 
dnm of the multi-valued, polar angle 

describes the winding of particle n with coordinates r. = (x,,, y.)  around particle m 
with coordinates r,,, = ( x m ,  x y ) .  This topological term in the Lagrangian is proportional 
to the statistics parameter B which is 0 mod 27r for bosons and ?r mod 2 7  for fermions. 

A physical model of particles with fractional statistics has been proposed by Wilczek 
[3] and called anyons. They are endowed with statistical charge and magnetic flux so 
that the multi-valuedness of the wavefunction is due to the Aharonov-Bohm effect 
[Z]. Introducing a vector potential A,(x)  for the statistical field, a system of anyons 
can now be described by the Lagrangian [4] 

K J ” ( x ) A , ( x ) + -  E*”~A,J,A, 
2 (3) 

where the first term in the integral gives the coupling to the conserved particle current 

J,(X)= “-1 \ dTX~(T)83(X-Xn(T)) (4) 

and the last term is the Chern-Simons interaction 161 with strength K .  
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In most studies of particles with fractional statistics the two Lagrangians (1) and 
(4) are usually considered to be equivalent. Since we are not aware of any explicit 
demonstration of this equivalence in the literature, we will show here that it is quite 
straightforward except for a subtle point of particles formally winding around them- 
selves. 

Starting with the Lagrangian (41, the partition function is given by the functional 
integral 

z =  DX ~ ~ e - 1 ~ ~ ‘  ( 5 )  I I  

(I 
where we now work in Euclidean spacetime with coordinates x” = ( CT, x, y). The integral 
is quadratic in the vector potential A, and can therefore easily be integrated out [ 7 ] .  
It gives the factor 

2 = exp d’xJ”(k)M;~(k)J”(-k) ) ( 6 )  

where J”(k)  are the Fourier components of the particle current (4) and 
-i k“ 

MiL(k)=- E+-- 
K k2 

when leaving out terms proportional to k, since k,J’(k) =O. Using the integral 

we can write the result of the functional integration as 

(7) 

where the terms in the exponent are the Gauss linking numbers of the diflei-ent particle 
paths. 

We now first consider terms with n f m. They have the form 

with rZ.,=(~“-x,)~+(y“-y,)~.  The Latin indices a and b run from 1 to 2 and 
is the antisymmetric symbol in two dimensions. In the non-relativistic limit c + m  we 
see from the form of the denominator that the leading contributions to the line integrals 
are coming from points where T. 7,. Under the integration over T ,  we can therefore 
consider the coordinates and velocities to be constant. The remaining integral 

is then given by 

At zero temperature, the lower and upper limits of the integral are at fa and we find 
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Since the integrand is just the time derivative of the polar angle (2) we see that this 
part of the functional integral with 1 1 2 ~  = 0 gives 

which proves the equivalence with the Lagrangian (1). 
The diagonal terms with n = m in (9) are seen to he formally divergent and must 

that their contributions can in fact he  set equal to zero. On the other hand, Polyakov 
[SI and others [9] have shown that these diagonal terms are finite for relativistic 
particles and related to geometrical properties of the particle paths having to do with 
their spin degrees of freedom. 

be reg.d!.rized. fln";:c!a!ivis!ic pa*ic!es 8 s  cGEsi&pd here, Jac'.i.# ( 5 ;  Lzs 

References 

[l] Leinaas I M and Myrheim M 1977 Nuow, Cimenro B 37 I 
[Z] Aharonov Y and Bohm D 1959 Phys. Rev. 115 485 
[3] Wilnek F 1982 Phys. Rev. Let:. 48 1 1 4 4  
[4] Wilczek F 1990 Fractional Statistics and Anyon Supercondueriuity (Singapore: World Scientific) 
[5] Jackiw R 1989 MITReport No. CTP #1824 
[6] Jackiw Rand Templeton S 1981 Phys. Rev. D 23 2291 
[7] Kogan Ya I and Morozov A Yu 1985 Son. Phys.-JETP 61 1 
[8] Polyakov A M 1988 Mod. Phys. Len A 3 325 
[9] Gundberg I, Hansson T H, Karlhede A and Lindstrem U 1989 Phys Le::. B 218 321 

Forte S 1990 Saclay Beptinr No. SPhr/90-182 


